Abstract. Given a 2-stranded tangle in a Z/2 homology ball, T ⊂ Y , we investigate the character variety R(Y, T ) of conjugacy classes of traceless SU (2) representations of π1(Y \T ). In particular we completely determine the subspace of binary dihedral representations, and identify all of R(Y, T ) for many tangles naturally associated to knots in S 3 . Moreover, we determine the image of the restriction map from R(T, Y ) to the traceless SU (2) character variety of the 4-punctured 2-sphere (the pillowcase). We give examples to show this image can be non-linear in general, and show it is linear for tangles associated to pretzel knots.
Introduction
In [9] , a study of the moduli spaces which arise in the construction of Kronheimer-Mrowka's reduced singular instanton knot homology ( [16, 17, 18] ) naturally led to an exploration of a lagrangian intersection diagram associated to a decomposition of a pair (Y, K), where K is a knot in a closed 3-manifold Y , and Y contains a Conway sphere, that is, a separating 2-sphere S ⊂ Y which intersects K transversally in four points. To the decomposition where R π (M, L) denotes certain π-perturbed moduli spaces of singular flat SU (2) connections which send meridians of L to traceless matrices. The points of the moduli space R π (Y, K) form the generators of the reduced instanton chain complex CI (Y, K). See Figure 6 for the example corresponding to a tangle decomposition of the (4,5) torus knot.
In [9] , • K ⊂ Y is usually taken to be a knot in S 3 and T 1 is the trivial 2-stranded tangle in the 3-ball Y 1 = B 3 , so that Y 0 is the complementary 3-ball and T 0 is (in general) a non-trivial 2-stranded tangle.
• The space R(S, {a, b, c, d}) is identified with the pillowcase, a topological 2-sphere with four singular points arising as the quotient of the hyperelliptic involution on the torus.
• An appropriate holonomy perturbation π is constructed which makes R π (Y 1 , T 1 ) regular (in fact a smooth circle) and the image of the restriction map R π (Y 1 , T 1 ) → R(S, {a, b, c, d}) is identified (see Figure 2 ). Completing the analysis of diagram (2) is reduced to the study of the restriction map R(Y 0 , T 0 ) → R(S, {a, b, c, d}). This is a problem purely about the geometry of traceless representation varieties, as all the difficulties concerning singular connections and perturbations are contained in the right side of the decomposition of diagram (2) . Studying the space R(Y 0 , T 0 ) and the restriction map to the pillowcase leads to some interesting geometry. This article, then, explores the problem of identifying the map on the upper left side of this diagram, for various knots K in the 3-sphere.
The analysis was carried out completely in [9] for the case when K is a 2-bridge knot and Y 1 is the 3-ball containing the two bridges. The situation for K a (p, q) torus knot was initiated in that article, and for p, q > 2 is quite complicated. In fact only the case of the (3, 4) torus knot was fully described.
Based on those few examples, it was speculated in [9] that the space R(Y 0 , T 0 ) always contains a single arc of binary dihedral representations when (Y 0 , T 0 ) is a tangle obtained by removing a trivial tangle from a knot in S 3 , and that the image of the restriction map R(Y 0 , T 0 ) → R(S 2 , {a, b, c, d}) is linear (in the sense that the preimage in the universal orbifold cover R 2 → R(S 2 , {a, b, c, d}) is contained in the union of straight lines).
In this article we show that both of these assertions are false. Indeed, we completely characterize the subspace of binary dihedral representations for any 2-stranded tangle, and show that it can have arbitrarily many components. We give many examples of torus knots for which the image in the pillowcase is non-linear. We also identify another family of tangles, naturally associated to pretzel knots, for which the image is linear on both the binary dihedral and non-binary dihedral components of R(Y 0 , T 0 ).
The restriction to traceless representations is motivated by Kronheimer-Mrowka's profound work; one can make more general definitions by restricting the trace of the meridians in other ways. In this article we implicitly exploit a useful relationship between traceless SU (2) representations of a knot or tangle complement and SO(3) representations of the corresponding 2-fold branched cover.
A closely related and slightly simpler picture arises in the context of Lin's theorem [20] and its generalizations [11, 8] . In that situation, a signed count of irreducible traceless SU (2) representations of π 1 (Y \ K) for K a knot in a homology 3-sphere Y is identified with −4λ(Y ) − Also related is the work of Jacobsson-Rubinsztein [12] ; their approach extends [20, 11] by considering a knot as the closure of a braid, and identifying R(Y \ K) as the fixed point set of the braid group element, viewed as a diffeomorphism of a 2n-punctured 2-sphere, acting on the symplectic variety R(S 2 \ {a 1 , · · · , a 2n }). In that work they aim to apply symplectic field theory methods to recover information about the Khovanov homology of K, extending the observations of [19] .
One can summarize the difference in approaches of the present article and [12, 20, 11] as follows: in the present article (and [9] ), (Y, K) is decomposed along a 4-punctured 2-sphere into a trivial 2-stranded tangle and a general tangle in a (Z/2-homology) ball, whereas in [12, 20, 11] it is decomposed into trivial n-stranded tangles in 3-balls, a trivial and a nontrivial braid, and the braid group element determines how these are glued. This distinction is analogous to the description of a 3-manifold in terms of surgery on a knot or by a Heegaard splitting. One feature of the present approach is that it gives low dimensional pictures:
Independently of their relationship to instanton homology or lagrangian intersection, the geometry of the representation spaces R(Y 0 , T 0 ) and their restriction to the pillowcase display a variety of interesting features. We are guided in our investigation by the rich parallel theory concerning SU (2) (and SL(2, C)) character varieties of knot complements and their restriction to the peripheral torus, as studied in many articles, including [13, 14, 15, 3, 7, 6] .
The contents of this article are as follows. In Section 2 we remind the reader of the results of [9] and in Proposition 2.1 find a (Z/2) 2 action on R(Y 0 , T 0 ) and a Z/2 action on R(S 2 , {a, b, c, d}) and show that the restriction map is suitably equivariant.
In Theorem 3.2 we completely characterize the subspace R tbd (Y 0 , T 0 ) ⊂ R(Y 0 , T 0 ) of traceless binary dihedral representations and show that the restriction to the pillowcase is linear on this subspace. In the following statement,Ỹ 0 denotes the 2-fold cover of Y 0 branched over T 0 , and A − ⊂ H 1 (Ỹ 0 ) denotes the intersection of the torsion subgroup with the −1 eigenspace of the covering involution. The pillowcase is identified with the quotient of the affine action
conjugacy classes of traceless binary dihedral representations is homeomorphic to the disjoint union of one arc and n−1 2 circles, where n is the order of A − . The arc maps to the pillowcase by the map
and each circle maps to the pillowcase by the map
where h ∈ Hom(π 1 (Ỹ 0 ), Z) = H 1 (Ỹ 0 ) ∼ = Z denotes the generator and ( 1 , 2 ) depends on the circle.
In Section 4 we focus on certain natural tangles associated to torus knots. We expand and clarify the results obtained in [9] , and in particular show with explicit examples that the image in the pillowcase can be non-linear. The reader should glance at Figure 5 , which illustrates R(Y 0 , T 0 ) and its image in the pillowcase for a tangle associated to the (4, 5) torus knot. This is an interesting knot from the perspective of instanton homology, Heegaard-Floer homology, and Khovanov homology, and its image as an immersed lagrangian subvariety of the pillowcase is not contained in a union of straight line segments. Our calculations provide a rich collection of lagrangian intersection pictures which correspond to the symplectic analogue of Kronheimer-Mrowka's instanton homology of knots. We hope that future work, guided by these examples, will motivate the investigation of an Atiyah-Floer conjecture for instanton knot homology. In this direction we observe that in the cases when the closure of the non-binary dihedral representations misses the binary dihedral representations in R(Y 0 , T 0 ) (including, for example, the (3, 7), (5, 7), (5, 12) , and (5, 17) torus knots) then all differentials in the reduced instanton chain complex vanish. We provide examples that show that R(T 0 , Y 0 ) and its image in the pillowcase can be very complicated.
In Section 5 we analyze a family of tangles naturally associated to pretzel knots. We show how to associate two slopes to each such tangle such that that the non-binary dihedral part of R(Y 0 , T 0 ) is mapped to straight lines of one slope, and the binary dihedral part maps to straight line segments of the other slope. We finish with a few comments concerning extensions to SL(2, C) character varieties and some speculation about differentials in the instanton complex.
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Representations of tangles
Identify SU (2) with the unit quaternions. We recall the set up from [9] . Let Y 0 be a homology 3-ball T 0 ⊂ Y 0 a 2-stranded tangle, such that the first component of T 0 meets the boundary 2-sphere in points labelled a, c and the second component meets in points labelled b, d, as illustrated in Figures 3 and 18 . We abuse notation and denote the four meridian loops in π 1 (S 2 \ {a, b, c, d}) (with respect to a base point on the 2-sphere) and their images in π 1 (Y 0 \ T 0 ) also by a, b, c, d. The base point is chosen so that
In what follows, (Y 1 , T 1 ) will always denote the trivial 2-stranded tangle in the 3-ball Y 1 , as illustrated in Figure 1 ; hence π 1 (Y 1 \ T 1 ) is free on a = d and b = c. 
The pillowcase is homeomorphic to a 2-sphere with four distinguished points corresponding to the abelian representations. In all the figures in this article we illustrate the pillowcase by drawing the fundamental domain [9] is the identification of a holonomy perturbation π so that R π (Y 1 , T 1 ) is a circle and the restriction R π (Y 1 , T 1 ) → R(S 2 , {a, b, c, d}) an immersion with one double point, illustrated in Figure 2 .
The set of points in R(Y 0 , T 0 ) whose image in the pillowcase intersect this circle is a set of generators for the reduced instanton homology [17] of the knot obtained by gluing Y 0 to Y 1 and T 0 to T 1 (when R(Y 0 , T 0 ) is regular and transverse to {γ = θ}).
Notice that whenever the restriction R(Y 0 , T 0 ) → R(S 2 , {a, b, c, d}) is (locally) an immersion of a curve transverse to the arc {γ = θ}, each intersection point with {γ = θ} gives rise to two intersection points with the circle R(Y 0 , T 0 ), these two generators have relative Z/4 grading 1 in the instanton chain complex [9] .
The space R(Y 0 , T 0 ) is typically a singular 1 dimensional real analytic variety, homeomorphic to a finite 1-complex. The singular points (i.e. the vertices) avoid the arc {γ = θ}, and the smooth locus is immersed, transverse to this arc. In general the results of [7] show that perturbations π along curves in Y 0 \ T 0 can always be found so that the perturbed space R π (Y 0 , T 0 ) has these properties. Given a character χ : π 1 (Y 0 \ T 0 ) → {±1} and a traceless representation ρ : π 1 (Y 0 \ T 0 ) → SU (2), the product χ · ρ is again a representation, since {±1} is the center of SU (2). Because
Similarly, the generators a, b, c give an action of (Z/2) 3 on R(S 2 , {a, b, c, d}). The character χ : π 1 (S 2 \ {a, b, c, d}) → {±1} taking a, b, c (and hence d) to −1 acts trivially on R(S 2 , {a, b, c, d}), since its action is achieved by conjugation by k on the representation of Equation (3) . Therefore, the (Z/2) 3 action descends to a (Z/2) 2 action. This is generated by (γ, θ) An illustration of Proposition 2.1 is given in Figure 5 , where the (Z/2) 2 action on R(Y 0 , T 0 ) is given by reflections through the horizontal and vertical axes.
Traceless binary dihedral representations of a two stranded tangle
In this section (Y 0 , T 0 ) is an oriented 2-stranded tangle with Y 0 a Z/2 homology 3-ball. We will identify the binary dihedral part of R(Y 0 , T 0 ) and determine its image in the pillowcase.
Define the binary dihedral group to be the subgroup B = {cos a + sin ak} ∪ {cos bi + sin bj} ⊂ SU (2). 
We point out one subtlety of this definition: not all traceless SU ( Denote by α : π 1 (Y 0 \ T 0 ) → Z the homomorphism taking each oriented meridian to 1, and byᾱ :
The boundary ofỸ 0 is a torus. Choose a base point on ∂Ỹ 0 which lies over the base point of S 2 \ {a, b, c, d}. Lift the two loops bc −1 and ba in π 1 (S 2 \ {a, b, c, d}) to π 1 (∂Ỹ 0 \ ∂T 0 ); these form a symplectic basis of H 1 (∂Ỹ 0 ).
The first homology H 1 (Ỹ 0 ) is isomorphic to Z ⊕ A where A is an odd order finite abelian group. One way to see this is to first note that the image of the restriction H 1 (Ỹ 0 ; R) → H 1 (∂Ỹ 0 ; R) ∼ = R ⊕ R is a half-dimensional subspace by the usual argument using Poincaré duality and the universal coefficient theorem. Hence H 1 (Ỹ 0 ; Z) has rank at least one. Now glue the trivial tangle (Y 1 , T 1 ) to (Y 0 , T 0 ) to obtain a knot K in a Z/2 homology sphere Y and apply the argument of Casson-Gordon [5, Lemma 2] to conclude that the 2-fold branched coverỸ is a Z/2 homology 3-sphere, and hence H 1 (Ỹ ; Z/2) = 0 and so H 1 (Ỹ ; Z) = 0. Sincẽ Y 1 is a solid torus, the Z/2 homology 3-sphereỸ is obtained by Dehn fillingỸ 0 , which reduces the rank of H 1 (Ỹ 0 ; Z) by at most one. Hence H 1 (Ỹ 0 ) has rank exactly one and H 1 (Ỹ 0 ) is isomorphic to Z ⊕ A where A is an odd order finite abelian group.
The covering involution τ acts as multiplication by −1 on H 1 (Ỹ 0 ). Indeed, given x ∈ H 1 (Ỹ 0 ; Z), then τ (x) + x is fixed by τ . Since Y 0 is a Z/2 homology ball, it is a Q homology ball, and Theorem III.2.4 of [2] shows that τ (x) + x maps to zero in H 1 (Ỹ 0 ; Q). Thus
is given by multiplication by −1, and by the universal coefficient theorem this is true for H 1 (Ỹ 0 ; Z).
The covering involution preserves the torsion subgroup A ⊂ H 1 (Ỹ 0 ). Since A has odd order, A splits as the direct sum of the positive and negative eigenspaces of τ ,
is any element of infinite order, then τ (x) = −x + a + for some a + in the odd torsion group A + . Thus replacing x by x − 1 2 a + we obtain an element x of infinite order satisfying τ (x) = −x. Hence we obtain a decomposition (where Z − denotes the integers with the non-trivial Z/2 action)
A similar argument applies to the boundary torus ∂Ỹ 0 . In this case H 1 (∂Y 0 ; Z) = 0, hence the covering involution acts as multiplication by −1 and so H 1 (∂Ỹ 0 ) = H 1 (∂Ỹ 0 ) − . In particular, since the loops bc −1 and ba in π 1 (S 2 \ {a, b, c, d}) lift to a symplectic basis of
In the special case when Y 0 is a Z homology ball, then Theorem III.2.4 of [2] implies that
is obtained from a knot in a homology 3-sphere by removing a tangle in a 3-ball, then
3.2.
A slope associated to a 2-stranded tangle with marked boundary. Choose one of the two generators h ∈ H 1 (Ỹ 0 ) and consider it as a homomorphism h :
Evaluating h on the symplectic basis for H 1 (∂Ỹ 0 ) gives a pair of integers:
Changing the sign of h or choosing the other base point for ∂Ỹ 0 changes the signs of both h(bc −1 ) and h(ba). Moreover, h(bc −1 ) and h(ba) are not both zero since the image
is a well defined invariant of the pair (Y 0 , T 0 ) equipped with a marking of its boundary.
3.3. Determination of binary dihedral representations. In preparation for the statement of the following theorem, we summarize the assumptions, notation, and calculations form the previous sections: Y 0 is a Z/2 homology 3-ball containing an oriented 2-stranded tangle T 0 . We denote by α :
is given so that one component of T 0 meets the boundary 2-sphere in the points labelled a, c and the other in the points labelled b, d. The same labels are used for the corresponding meridians of S 2 \ {a, b, c, d} and
The 2-fold branched cover of Y 0 branched over T 0 associated to the mod 2 reductionᾱ of α is denoted byỸ 0 . The homology H 1 (Ỹ 0 ) is isomorphic to Z ⊕ A for A an odd torsion group, and h : H 1 (Ỹ 0 ) → Z generates H 1 (Ỹ 0 ). The loops bc −1 and ba lift toỸ 0 . The covering involution τ :Ỹ 0 →Ỹ 0 splits H 1 (Ỹ 0 ) and its torsion subgroup A into ±1 eigenspaces,
In particular, τ * (h) = −h.
Note that A − and Hom(A − , S 1 ) are isomorphic. Consider the equivalence relation on Hom(A − , S 1 ) which identifies a character : A − → S 1 with its complex conjugate −1 . Since A − has odd order, the only fixed point of this involution is the trivial character. The arc corresponding to the trivial character maps to the pillowcase by the map
where
The circle corresponding to the non-trivial character maps to the pillowcase by the map
Proof. To keep notation compact, we write S 1 = {e xk | x ∈ R} so that the binary dihedral subgroup B is the union S 1 ∪ S 1 i. We denote again by h its composite with the Hurewicz map and the inclusion
Similarly, given ∈ Hom(H 1 (Ỹ 0 ), S 1 ), abuse notation and also denote by the composition
We introduce the notation
for the set of traceless binary dihedral representations satisfying ρ(a) = i. Any traceless binary dihedral representation ρ :
The action of the covering transformation τ on on π 1 (Ỹ 0 \T 0 ), viewed as an index 2 subgroup of π 1 (Y 0 \ T 0 ), is given by conjugation by a. Thus if i : π 1 (Ỹ 0 \T 0 ) → H 1 (Ỹ 0 ) denotes the composite of the inclusion and the Hurewicz map, i(aβa
Given ∈ Hom(H 1 (Ỹ 0 )/A + , S 1 ), define the function:
and so
Hence ρ is a homomorphism. It satisfies
Hence ρ is a traceless binary dihedral representation.
Given and ρ ∈ X tbd (Y 0 , T 0 ), the function
for any meridian µ since ρ is traceless binary dihedral. Hence ρ factors through
Thus ρ (β) = ±1. But since β ∈ A + , an odd torsion group, this implies that ρ (β) = 1. Therefore, ρ factors through
Since (a 2 ) = 1 and α(β) is even for β ∈ π 1 (Ỹ 0 \T 0 ),
Hence the composite → ρ equals the identity. If ρ 1 , ρ 2 ∈ X tbd (Y 0 , T 0 ) satisfy ρ 1 = ρ 2 , then the restrictions of ρ 1 , ρ 2 to π 1 (Ỹ 0 \T 0 ) → S 1 are equal. But since the composites of ρ 1 and ρ 2 with the surjection B → Z/2 are equal, it follows that ρ 1 and ρ 2 are equal.
We can summarize what has been established so far as follows. Taking conjugacy classes gives a surjection X tbd (Y 0 , T 0 ) → R tbd (Y 0 , T 0 ) and the maps ρ → ρ and → ρ define inverse bijections
It remains to analyze the effect of conjugation. Suppose that ρ 1 , ρ 2 ∈ X tbd (Y 0 , T 0 ) are two representations which map to the same point in R tbd (Y 0 , T 0 ). Since ρ i (a) = i, ρ 2 = e xi ρ 2 e −xi for some x. Now,
{±1, ±i} otherwise.
We treat these cases one at a time and show that in each case, either ρ 2 = ρ 1 , or ρ 2 = iρ 1 (−i).
For the first case, if x ≡ 0 mod π, then
Given any β ∈ π 1 (Ỹ 0 \T 0 ),
The homomorphism ρ 1 takes values in the order 4 cyclic subgroup of {±1, ±i, ±j, ±k}generated by k, and factors through H 1 (Ỹ 0 )/A + which is isomorphic to Z ⊕ A − where A − is an odd torsion group. Thus A − and hence ρ 1 factors through the generator h :
for some integer m 1 . Since ρ 1 = ρ ρ 1 , this in turn implies that for any β ∈ π 1 (Y 0 \ T 0 ),
for some integer m 2 . Since ρ 1 (β 0 ) = k = −ρ 2 (β 0 ), we see that m 1 and m 2 are odd, and that m 2 ≡ −m 1 mod 4. But then using Equation (7) and (8) we see that ρ 2 = iρ 1 (−i). Thus we have shown that in all three cases, if
. Hence the bijection of Equation (6) sets up identifications
Define an action of
The action is free since h is takes the value 1 on some β ∈ H 1 (Ỹ 0 ). The action induces the free S 1 action on Hom(H 1 (Ỹ 0 )/A + , S 1 ) given by (e tk · )(β) = (β)e th(β)k , β ∈ H 1 (Ỹ 0 ).
Restricting to the torsion subgroup
The fibers of this map are exactly the orbits of the S 1 action, since h :
The restriction map is equivariant with respect to the involution → −1 .
Since A − has odd order, the involution → −1 acts on Hom(A − , S 1 ) with precisely one fixed point, namely the trivial homomorphism ≡ 1. The involution on the fiber over the trivial homomorphism corresponds to h → −h, and hence has quotient an arc [0, π], with t corresponding to β → i α(β) e th(a −α(β) β)k . Therefore, the quotient Hom(H 1 (Ỹ 0 )/A + , S 1 )/ ∼ −1 is homeomorphic to one arc and Define integers p, q by p = h(bc −1 ) and q = h(ba).
Note that a 2 , b 2 , c 2 , and d 2 are in π 1 (Ỹ 0 \T 0 ) and in the kernel of h, since these loops are meridians to the branch setT 0 . One computes (e tk · ρ)(a) = i and
and similarly (e tk · ρ)(d) = e −ptk ρ(d).
and so the second part of the statement of Theorem 3.2 is proved.
The arc of traceless binary dihedral representations produced in Theorem 3.2 coincides with the arcs found for the tangles corresponding to 2-bridge knots in [9, Theorem 10.2] and by an ad-hoc argument for torus knots in [9, Proposition 11.2].
One simple way to produce examples with many binary dihedral components is to take the connected sum of Y 0 with an odd order lens space; this replaces A − by A − ⊕ Z/k for some odd k, and hence the number of circles in R tbd (Y 0 , T 0 ) increases by n k−1 2 , where n denotes the order of A − . But one can also increase the number of binary dihedral components for any tangle (Y 0 , T 0 ) without changing Y 0 as follows. Let T 0 be obtained from T 0 by taking the connected sum of T 0 with a small trefoil knot. ThenỸ 0 is replaced by the connected sum Y 0 #L(3, 1), since the 2-fold branched cover of a trefoil is the lens space L(3, 1). Since Y 0 is a 3-ball, A − is replaced by A − = A − ⊕ Z/3 and the number of circles of traceless binary dihedral representations increases by n, where n is the order of A − . The tangle associated to a torus knot. We recall the analysis of R(Y 0 , T 0 ) for tangles associated to torus knots initiated in [9] . Let p, q be a relatively prime pair of integers and let r, s be integers so that pr + qs = 1. Figure 3 illustrates a (p, q) torus knot T p,q in S 3 . We view S 3 as q r and − s p Dehn surgery on the two components of a Hopf link. The knot T p,q is isotopic to a curve parallel to the first component. In the figure, T p,q has been isotoped so that it meets a 3-ball in a trivial tangle (Y 1 , T 1 ).
Let Y 0 be the exterior 3-ball, containing the 2-stranded tangle T 0 . Consider x, y, a, b, c, d, the generators of π 1 (Y 0 \ T 0 ) illustrated in Figure 3 . Set A = (xb) q y r and B = (dāy) −s x p .
Then π 1 (Y 0 \ T 0 ) is the free group on A, B and
Since π 1 (Y 0 \ T 0 ) is free on A and B, the assignment A → M, B → N gives a representation for any pair M, N ∈ SU (2), but a general such assignment will not yield a traceless representation.
Binary dihedral representations for torus knots.
Theorem 4.1. For the tangle (Y 0 , T 0 ) obtained by removing a 3-ball from the (p, q) torus knot as illustrated in Figure 3 , the subspace R tbd (Y 0 , T 0 ) ⊂ R(Y 0 , T 0 ) is an arc which maps to the pillowcase by
if p, q, r are odd, (t, 0) if p, q are odd and r is even,
if p is even and q is odd, ((2s + p)t, (2s + 2p)t) if p is odd and q is even.
Proof. To find the image of R tbd (Y 0 , T 0 ) in the pillowcase, it is enough to find H 1 (Ỹ 0 ), h(ba), and h(bc −1 ) by Theorem 3.2. With this in mind, notice that H 1 (Ỹ 0 ) is the quotient of H 1 (Ỹ 0 \T 0 ) by the group generated by the homology class of the lifts of a 2 and b 2 toỸ 0 \T 0 . Now, H 1 (Ỹ 0 \T 0 ) is the abelianization of π 1 (Ỹ 0 \T 0 ) and this group is determined by the exact sequence:
is the free group A, B , we can compute π 1 (Ỹ 0 \T 0 ) and expressions for the lifts of loops in π 1 (Y 0 \ T 0 ) by the Reidemeister-Schreier method, examining the 2-fold covering space of S 1 ∨ S 1 , a wedge of two circles labelled A, B.
From Equation (9) we get:
= (s + p)ᾱ(A) + (q − r)ᾱ(B) and = sᾱ(A) − rᾱ(B)
or equivalently (10) 0 = pᾱ(A) + qᾱ(B) and 1 = sᾱ(A) − rᾱ(B).
We thus see thatᾱ(A) andᾱ(B) in Z/2 are determined by the parities of p, q, r, and s.
If p is even (and hence q, s odd), Equation (10) shows thatᾱ(A) = 1 andᾱ(B) = 0. The corresponding 2-fold covering space of S 1 ∨ S 1 is illustrated in Figure 4 , where the lifts of A are the 1-cells A 1 , A 2 and the lifts of B are the loops B 1 , B 2 . By the Seifert-Van Kampen theorem, π 1 (Ỹ 0 ) is obtained by taking the quotient by the normal subgroup generated by a 2 and b 2 . Lifting a 2 , b 2 toã 2 ,b 2 ∈ π 1 (Ỹ 0 \T 0 ) we find, using Equation (9) and Figure 4 , that
This shows that H 1 (Ỹ 0 ) has the abelian presentation
Let h ∈ H 1 (Ỹ 0 ) be the generator satisfying h(x) = 1. Then h(z) = −1 and h(y) = 0. We compute, using Equation (9) and Figure 4 :
and so h(ba) = −2r + q and h(bc −1 ) = q.
Theorem 3.2 then implies that the arc of binary dihedral representations is given by (γ(t), θ(t)) = ((−2r + q)t, −2rt).
The other cases, when p is odd, are solved in a similar manner.
Non-binary dihedral representations of torus knots.
We recall (and simplify and extend) the analysis of R(Y 0 , T 0 ) for the tangle of Figure 3 associated to a torus knot initiated in [9] . For each integer n denote by T n (x) and S n (x) the (Chebyshev) polynomials satisfying cos(nu) = T n (cos u) and sin(nu) = sin uS n (cos u).
and define the functions 
Then the assignment Given w = (x 0 , y 0 , τ 0 ) ∈ W , the fiber over r w is the single point {w} unless |x 0 | = 1 or |y 0 | = 1, in which case the fiber is the arc (x 0 , y 0 , τ ), τ ∈ [−1, 1].
We omit the proof, which can be found in [9] , but note that the essential step is to substitute A = e arccos(x)i , B = e arccos(y)e arccos(τ )k i into the expressions a = A s+p B q−r and b = B −r A s . Taking real parts gives the functions p 1 and p 2 , which vanish exactly when the resulting representation is traceless.
It is convenient to set
and observe that p(x, y) = p 1 (x, y, τ )S s (x)S −r (y) − p 2 (x, y, τ )S s+p (x)S q−r (y). Thus the projection of W to the x-y plane lies in the zero set of the polynomial p(x, y). Since p 1 and p 2 are linear in τ , τ can be generically eliminated from the system of equations p 1 = 0, p 2 = 0, so that the projection of W to the zero set of p(x, y) is generically injective. The precise statement relating W to the zero set of p is awkward to state; see Theorem 11.1 of [9] . But it can be summarized by saying that there is a pair of maps with domain W ,
such that the right map has generic fibers a single point, and the left map has generic fibers a single point over those z ∈ Z so that solving for τ yields |τ | ≤ 1. In the calculations that follow we first identify Z, which is given as the zero set of a single polynomial, and then identify the fibers in the two maps of Equation (12) 
These three formulae (together with the angle addition formula) are sufficient to determine (γ, θ) ∈ [0, π] × [0, 2π]/ ∼ in terms of w = (x, y, τ ). We omit the straightforward calculation and state the result as follows. defines a traceless representation. Then the image of r w in the pillowcase has coordinates (γ, θ), where
The expressions for cos(γ), cos(θ), cos(θ − γ) which appear in Proposition 4.3 are rational functions of x and y: the square roots disappear since p i (x, y, τ ) = 0. 4.5. The (4,5) torus knot. We begin with a detailed example. In [9] the question is asked whether the image of the restriction map to the pillowcase R(Y 0 , T 0 ) → R (S 2 , {a, b, c, d}) is always contained in a union of straight lines, as was shown to be true for all 2-bridge knots, all (2, q) torus knots, for the (4, 3) torus knot, with respect to natural choices of Conway balls, (as well as for tangles associated to pretzel knots as in Section 5 below, and, for the traceless binary dihedral representations of any tangle, by Theorem 3.2). We show that the image R(Y 0 , T 0 ) → R(S 2 , {a, b, c, d}) is non-linear for the tangle of Figure 3 associated to the (4, 5) torus knot.
Remove a Conway ball from S 3 as in Figure 3 , by taking (p, q, r, s) = (4, 5, 4, −3). Then s + p = 1 and q − r = 1, so that Thus Z, the zero set of p(x, y) in the unit square [−1, 1] 2 , is the union of an arc Z 1 = {(0, y) | − 1 ≤ y ≤ 1} and the zero set Z 2 of 16 y 4 − 20 y 2 + 16 x 2 y 2 − 4 x 2 + 3. Denote by W 1 those triples (x, y, τ ) ∈ W so that (x, y) ∈ Z 1 , and similarly W 2 the points lying above
Thus by Theorem 4.2, the image W 1 → R(Y 0 , T 0 ) is the arc of representations
This path is conjugate (by e π 4 i ) to a path of binary dihedral representations, and in fact is the arc R tbd (Y 0 , T 0 ) provided by Theorem 3.2. Theorem 4.1 gives the image in the pillowcase: it is the straight line segment (γ(t), θ(t)) = (−3t, −8t), t ∈ [0, π]. This is illustrated by the blue component in Figure 5 .
The component W 2 corresponds to the non-binary dihedral representations, and it is more complicated to analyze. Choose a point (x, y, τ ) ∈ W 2 . Suppose |x| = 1, then using p 1 = 0 we see that y = 0, and so p(x, y) = ±1 = 0. If |y| = 1, then x = 0, but then 16 y 4 − 20 y 2 + 16 x 2 y 2 − 4 x 2 + 3 = 0 contradicting (x, y, τ ) ∈ W 2 . Thus |x| < 1 and |y| < 1. Theorem 4.2 then shows that W 2 injects into R(Y 0 , T 0 ).
The vanishing of p 1 implies that τ is equal to xy/ (1 − x 2 )(1 − y 2 ). Since |τ | ≤ 1, it follows that x 2 + y 2 ≤ 1.
Solving 16 y 4 − 20 y 2 + 16 x 2 y 2 − 4 x 2 + 3 = 0 for x 2 one obtains
Then x 2 + y 2 ≤ 1 implies that 4 − 16y 2 > 0, so that y 2 < 1 4 . Furthermore x 2 ≥ 0, so that 16y 4 − 20y 2 + 3 ≥ 0, which holds precisely for
Hence W 2 is homeomorphic to a circle, the union of two arcs given by (13) y
. Also, W 2 meets W 1 at the two endpoints of these arcs (0, ±
To compute the image of W 2 in the pillowcase, we use Proposition 4.3, which gives: Finding a simple expression for γ and θ in terms of y is a challenge, but one can numerically compute at a few sample points
] to see that γ and θ are not linearly related. In fact, the curve (γ(y), θ(y)) has slope approximately −1.09 near y = ± 5− √ 13 8
and is vertical at y = 0. Thus, for this tangle, the image of the restriction R(Y 0 , T 0 ) → R(S 2 , {a, b, c, d}) is not contained in a union of straight lines.
The space R(Y 0 , T 0 ) and its image in the pillowcase is illustrated in Figure 5 . In this figure the blue arc represents the image of the component W 1 , and the red curve corresponds to the image of each of the two arcs in W 2 corresponding to the two possible choices of square root of x 2 .
The image of the red curve intersects R π (Y 1 , T 1 ) (illustrated by the brown curve in Figure  2 ) in the pillowcase in two points. This has four preimages in R(Y 0 , T 0 ): each intersection point gives rise to a pair on the red circle (symmetric through the vertical axis) corresponding to the two square roots of x. The blue curve intersects the brown curve in five points, making a total of 9 = | − 8| + 1 generators for the instanton complex IC (T 4,5 ), corresponding (see [9] ) to the fact that the knot signature of T 4,5 equals −8. Five of these generators are binary dihedral, and four are not. These generators and their images in the pillowcase are illustrated in Figure 6 . In this figure we have drawn the pillowcase as a 2-sphere with four singular points. The brown curve represents R π (Y 1 , T 1 ) . This is the picture corresponding to Diagram (2). It is known ( [18] , see also [9, Section 12] , that the Z/4 graded instanton homology I (T 4,5 ) has ranks 2, 1, 2, 2 in gradings 0, 1, 2, 3 (in brief we write I (T 4,5 ) = (2, 1, 2, 2)) so that a non-zero differential must kill a pair of these generators.
4.6. The (3,7) torus knot. In subsequent examples we suppress most details; calculations were carried out using a computer algebra package by precisely the same method described for the (4,5) torus knot.
For this example we take (p, q, r, s) = (3, 7, 5, −2). Then The zero set Z = {p = 0} is a disjoint union of two circles and the arc of Theorem 4.1. The two circles are exchanged by the generator of the Z/2 2 action on R(Y 0 , T 0 ) which acts trivially on the pillowcase, and hence the two circles map to the same curve (a figure 8) in the pillowcase. This is illustrated in the Figure 7 . By intersecting with the immersed circle of Figure 2 , we see that the instanton chain complex is generated by 9 generators: one binary dihedral on the blue arc and eight non-binary dihedral generators on the red circles. For this knot, there are no non-zero differentials in the chain complex and the reduced instanton homology has rank 9 [9, Section 12.4]. KronheimerMrowka construct a spectral sequence converging to the reduced instanton homology of a knot K with E 2 term the reduced Khovanov homology of the mirror image of K. This shows that the instanton homology for this knot is (3, 2, 2, 2). It seems reasonable to speculate (see [9, Section 12.6] ) that the binary dihedral generator contributes in grading 0, and that each red circle contributes four generators, one in each grading. 4.7. The (3, 10) torus knot. We take (p, q, r, s) = (3, 10, 7, −2). Then The space R(Y 0 , T 0 ) consists of an arc of binary dihedral representations, a circle meeting this arc in two points, and two more disjoint circles. The two disjoint circles are immersed into the pillowcase with the same image. The circle meeting the arc is folded and is mapped 2-1 except at the points along the embedded arc of binary dihedral representations.
From the figure one sees three generators for the instanton chain complex on the blue binary dihedral arc, four on the first circle, and four on each of the two disjoint circles, for a total of 15 generators. The reduced instanton homology has rank 13, in fact is given by (4, 3, 3, 3) . Thus the chain complex has a non-trivial differential.
4.8. The (4, 7) torus knot. Figure 9 shows R(Y 0 , T 0 ) and its image in the pillowcase for (p, q, r, s) = (4, 7, 2, −1). The space R(Y 0 , T 0 ) is a union of two circles and a binary dihedral arc, each circle meeting the arc in two points. The map to the pillowcase folds each circle.
One counts seven generators on the binary dihedral arc, and four non-binary dihedral generators on each circle, for a total of 15 generators. The instanton homology of the (4, 7) torus knot is unknown, but has rank between 11 and 15, thus there may be non-zero differentials in the chain complex. 4.9. The (4, 9) torus knot. We take (p, q, r, s) = (4, 9, 7, −3).
From Figure 10 we count 17 generators, four on each circle and nine on the binary dihedral arc. The instanton complex is (5, 4, 4, 4) up to a mod 4 cyclic permutation (see [9] ). The instanton homology is unknown, but has rank between 13 and 17.
4.10. The (4, 11) torus knot. Take (p, q, r, s) = (4, 11, 3, −1). The space R(Y 0 , T 0 ) is the union of the arc of binary dihedral representations and three circles. The map to the pillowcase folds each circle and embeds the resulting arc.
The instanton complex has 11 generators on the arc, and four generators on each circle, giving 23 generators. The instanton homology is unknown but has rank between 17 and 23. 4.12. The (5, 7) torus knot. The space R(Y 0 , T 0 ) is illustrated in Figure 13 for (p, q, r, s) = (5, 7, 3, −2). The circle is immersed by a generically 2-1 immersion. One counts 17 generators for the instanton complex. All differentials are zero in this complex since the reduced instanton homology of the (5, 7) torus knot has rank 17. 4.14. The (5, 12) torus knot. We take (p, q, r, s) = (5, 12, 5, −2). The two circles map to the same circle in the pillowcase. From Figure 15 one counts 29 generators, five on the binary dihedral arc and 12 on each circle. All differentials are zero and the reduced instanton homology is (8, 7, 7, 7) , up to Z/4 cyclic permutation. 
Tangles in Pretzel knot complements
The space R(S 3 , K) for K any pretzel knot is identified by Raphael Zentner in [21] . We sketch what happens when one decomposes a pretzel knot along a Conway sphere, to obtain two tangles. The conclusion is that for an appropriate Conway sphere, the image of R(Y 0 , T 0 ) in the pillowcase is contained in the union of straight line segments of two different slopes, one slope corresponding to the binary dihedral representations as explained in Theorem 3.2 and the other, coming from non-binary dihedral representations, due to the fact that the 2-fold branched cover of the tangle is Seifert-fibered.
We examine three-stranded pretzel knots with two odd twists and one even twist for simplicity, although the argument extends to any pretzel knot. Thus take integers p, q, r with p even and q, r odd and consider the (p, q, r) pretzel knot K and the 3-ball intersecting it in a trivial tangle as illustrated in Figure 18 . As before, we denote by (Y 0 , T 0 ) the tangle in the complementary 3-ball.
Consider the partition (4). Theorem 3.2 shows that the restriction map of R tbd (Y 0 , T 0 ) to the pillowcase has image contained in a union of straight line segments of slope (h(ba) − h(bc −1 )/h(ba), where h ∈ H 1 (Ỹ 0 ) ∼ = Z is a generator. In contrast to the situation for torus knots explored above, we have the following result. Figure 19 . This is seen by isotoping B r off the band with r twists. A (regular) fiber in the boundary torus maps to the loop in S 2 \ {a, b, c, d} expressed as
Hence if ρ ∈ R(Y 0 , T 0 ) sends a to i, b to e γk i, and c to e θk i, the regular fiber is sent to (−1) r e (γ(r+1)−θ)k . A traceless representation ρ : π 1 (Y 0 \ T 0 ) → SU (2) restricts on the index 2 subgroup to a representation ρ : π 1 (Ỹ 0 \T 0 ) → SU (2) which sends the meridians ofT 0 to −1. It follows that composing with the adjoint homomorphism SU (2) → SO(3) gives a representation adρ which send the meridians to 1, and hence extends to the branched coverỸ 0 adρ :
We partition R(Y 0 , T 0 ) into two subsets
corresponding to whether adρ is abelian or non-abelian. If adρ is non-abelian, then the regular fiber, being a central element of π 1 (Ỹ 0 ), must be sent to 1 ∈ SO(3), and hence to ±1 by ρ. Thus if ρ ∈ R n (Y 0 , T 0 ),
so that γ(r + 1) − θ ≡ 0 mod π. Notice, moreover, that since adρ is non-abelian, ρ restricts to a non-abelian representation on the index 2 subgroup π 1 (Ỹ 0 \T 0 ) and hence is not binary dihedral.
If, on the other hand, adρ is abelian, then sinceỸ 0 is a Z/2 homology sphere, the image of adρ may be conjugated to lie in a maximal torus, and hence ρ : π 1 (Ỹ 0 \T 0 ) → SU (2) takes values in a maximal torus in SU (2). Conjugate ρ if necessary so that ρ(a) = i, ρ(b) = e γk i, and ρ(c) = e θk i. Choose an imaginary quaternion q so that the restriction ρ : π 1 (Ỹ 0 \T 0 ) → SU (2) takes its values in the unique maximal torus containing q.
Suppose that for some α ∈ π 1 (Ỹ 0 \T 0 ), ρ(α) = e xq for some x ≡ 0 mod π. Then aαa −1 lies in α ∈ π 1 (Ỹ 0 \T 0 ), so that ρ(aαa −1 ) = e −xiqi . Hence iqi = ±q. Similarly e γk iqe γk i = ±q and e θk iqe θk i = ±q. This implies that either γ and θ are multiples of π and q = ±i, or else q = ±k.
In the first case, given any other meridian µ, ρ(µ)i = ρ(µa) = e xi for some x. Hence ρ(µ) = e (x− π 2 )i , which must equal ±i since ρ is traceless. Thus ρ takes values in {±1, ±i}, and hence is conjugate (by e − π 4 j ) to a traceless binary dihedral representation. Its image in the pillowcase is one of the corner points.
In the second case, any other meridian µ must satisfy ρ(µ) = e xk i, since ρ(µ)i = ρ(µa) ∈ {e xk }. Thus ρ is traceless binary dihedral.
Hence We illustrate in Figure 20 the explicit case for the (−2, 3, 7) pretzel knot. From this picture one counts 9 generators for the reduced instanton complex: one on the arc of binary dihedral representations and four each on the two semi-circles R n (Y 0 , T 0 ). The Alexander polynomial for this knot is t 5 − t 4 + t 2 − t + 1 − t −1 + t −2 − t −4 + t −5 , from which Kronheimer-Mrowka's theorem implies that all differentials in the corresponding chain complex vanish.
The reduced Khovanov homology of the mirror image of this knot is computed by the Knot theory' program [1] to equal (3,2,2,2) mod 4. Thus there are no higher differentials in the Kronheimer-Mrowka spectral sequence, and this calculation also gives the reduced instanton homology.
For general (−2, 3, n) pretzel knots, intersecting R(Y 0 , T 0 ) with R π (Y 1 , T 1 ) (illustrated in Figure 2 ) in the pillowcase, one counts 1 + 2 n−7 2 = n − 6 binary dihedral generators, and 4([ 
Speculation and generalization
The data produced for torus knots is consistent with the following conjecture:
Conjecture. Suppose that K ⊂ S 3 is a knot decomposed as in Equation (1) In an different direction, we point out that the entire picture painted in this article has a complex counterpart obtained by considering SL(2, C) representations of 2-stranded tangles and the associated character varieties. Indeed, set R C (Y 0 , T 0 ) = {ρ : π 1 (Y 0 \ T 0 ) → SL(2, C) | trρ(µ) = 0 for each meridian µ}/ / SL(2,C) , where, in the context of SL(2, C), we identify representations ρ 1 , ρ 2 if the characters tr(ρ 1 (γ)) and tr(ρ 2 (γ)) are equal for all γ ∈ π 1 (Y 0 \T 0 ). This is a slightly weaker relation than conjugacy and corresponds to the GIT quotient corresponding to the conjugation action.
One can show that R C (S 2 , {a, b, c, d}) is the complex pillowcase (C × × C × )/Z/2, where Z/2 acts on C × × C × by (λ, µ) → (λ −1 , µ −1 ). Explicitly, the map
given by gives an invariant of tangles, extending the SU (2) case focused on in this article. A variant is to consider the map R C (S 2 , {a, b, c, d}) → C 2 , ρ → (tr(ρ(ba −1 ), tr(ρ(ca −1 )).
The composite R C (Y 0 , T 0 ) → R C (S 2 , {a, b, c, d}) → C 2 is a plane curve whose defining polynomial gives a tangle analogue of the A-polynomial of [6] .
